Calculus III: Coursework 8
M.A .H. MacCallum 2007

The deadline is 4PM on Wednesday Dec 5th. Hand-in is to the green box on the ground
floor of the Maths building.

1. The function u(z) obeys the ODE [40]
2u” + 220’ + Aufz® =0, (1)

where A is a constant, and satisfies the conditions u(1) = 0 and u — 0 as © — oc.
Show that the ODE is of the Sturm-Liouville form, and state the appropriate standard
form functions p, ¢ and w.

By changing the independent variable to ¢ = 1/x, and transforming the equation
and boundary conditions, find a new Sturm-Liouville system in terms of ¢. Find its
eigenvalues and eigenfunctions. Hence write down the eigenvalues and eigenfunctions
of the original Sturm-Liouville system (1) and the corresponding orthogonality relation.

Answer

The equation can be written
(z*u) + Mu/2* =0

which is of the Sturm-Liouville form with p = 2%, ¢ = 0 and w = 1/22.
In transforming, substituting the z? by 1/t* is easy but we also have to rewrite the
derivatives. For any function f(z)
df dfdt
de  dt d

: df r—1
(by the Chain rule) = I (3}2> = —

2df

Lo ®)

where as usual the dot means d/dt. This applies to f = @ or f = u’ as well as to
f = u. The original equation can be written

(%) + =0 = d+Iu=0.
Alternatively, one can obtain ' = —t?u and u” = —t?(—t%u) = t*i—2t>u and substitute
these into the original equation.

The boundary conditions become u =0 at t =0 (x — oo0) and ¢t = 1.

(From here on the derivation of eigenfunctions etc runs very similarly to the example
in lectures, though the boundary conditions are a bit different.)

If A = —k? < 0 the solution is uy = C} cosh kt + Dy, sinh kt and this cannot be 0 at
both 0 and 1 unless C, = D;, = 0.

If A = 0 there is the special solution uy = Ag+ Byt but this only satisfies the boundary
conditions if Ag = By = 0.



If A\ = k% > 0 the solution is u; = Ay, cos kt + By, sin kt where A, and By, are constants,
and this will satisfy the boundary conditions (with By # 0) if Ay = 0 and k = nr« for
integer n. This is the only case where wuy # 0.

So the eigenvalues are A\ = n?r? for integer n and the eigenfunctions are
Up2q2 = sinnt = sin(nw/x).

The orthogonality relation, from the original equation, is

O:/OO Upn2r2Up2,2 dI:/OO sin(mm /x) sin(nw /) dr (m % n)
1 1

2 2

(If uncertain about the general derivation, this can be checked by transforming to an
integral in ¢ and using a result from coursework 1.)

Marks: 4 for transforming correctly to S-L form, 1 each for p,q,w.

Transforming the equation 8 (correct chain rule use, 4 of those). Transforming bound-
ary conditions 1 each.

Consideration of the different \: correct method 5. Then 3 each for the hyperbolic and
linear cases, and 6 for the actual eigenvalues and eigenfunctions in ¢. 2 for rewriting
in terms of x. 4 for orthogonality.

2. Derive the result (stated in lectures) that the square wave defined by [12]
_[0ifx <O
ﬂ@_{lﬁx>0
in the domain [—7, 7] and periodic with period 27, has the Fourier series
1 sinnx
=542 .
Jw)=3+20 =
Answer
An alert student may notice that f(x) — % is an odd function and do its half range

series. For those who do not spot this the calculations should read

1 = 1 = 1
ay = —/ fda::—/ lde = —mw=1,
T Jn 7 Jo T

1 I 1

an = — [ feosmade=_ ["cosmede = [(sinme)/m]f =0
™ J—m ™ Jo T
1 7 1 7 1

b = — i d:*/‘ do = —[- r=(1— (-1 :
- _pifsmmx z=_ | simmzde W[ (cosmz)/m]g = (1 — (=1)")/mm

Thus b,, = 0 for even m and 2/mmx for odd m.

Marks: 4 for correct method, 2 each for ay and a,, and 4 for b,, done as above. Similarly
for the ‘alert student’ method.

3. Express the following as Fourier series. [10]



(a) cos(z+ %)

(b) cos*x

[It is not necessary to do any integrals.]

Answer (a) cos(x + §) = coszcos § —sinzsin § = % cos T — Tsmx
) =

(b) cosz = }(1+ cos 2z)? = (1 + 2 cos 2z + cos® 2
costw = 2 + 1 cos 2z + %COS4$

The example sin? z was done in lectures and cos* x — sin? z = cos? z — sin® x = cos 2z
which provides a check or a cunning way to do the question.

1(1+2cos2x + 3[1 + cos4x])

Marks: 5 each part, suitable part marks for correct methods with wrong arithmetic.

4. Find the Fourier sine series for f(z) = 22 on (0, ). [14]
What does the series converge to at x = 7?7

=
303

Answer
2 [,
b, = —/ - sin mxdx
7 Jo
2 <l—x2(josmx17r T 2 COS M )
_ 2 ([rrteomma)” r2veosme,
T m 0 0 m
2 w2 cosmT {2:1:sinrrwl:}7T T 2sin mx
N —/ ———dx
T m m2 0 0 m2
2 m(=y" [2(:osm:v}7r
o m m3 0
2 (=)™  2(1 —(=1)™
_ (-, 2o )

so on (0, ) the series is

b 28 < I w?(—l)”) .

At x = 7 there is a jump discontinuity. As z — 7 from below, f — 72 and since the
series is odd, as x — —m from above, its value — —7? so the series takes the average,
which is 0.

Marks 10 for calculation of b,, (3 for correct method, 7 for accuracy, suitable part
marks for integrations with errors). 4 for understanding and applying the convergence
theorem.

5. In the lectures it was shown that the Fourier series for the function [24]

O if —m<2x<0
f<x)_{:c if0<z<T.



15 o ) 00 (_1 n+1
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Write down the values of f(—z) on [—m, 7] and the Fourier series for f(—xz). Using
this result and the series for f itself, find the Fourier series for x and for |z|.
[As a check, the answer for |z| should be

\x!zg > 2k; )Cos(2k+) ]

k=1
Use the Fourier series for z to derive

1 —
l—3+:4...=

™
4 )

Ut =

(which was obtained in lectures from the square wave series) and use the same Fourier
series and Parseval’s relation [which you are reminded reads = [ f?(z) dz = 1af +
* (a? +b?) in the usual notation] to derive an infinite series for m?

Answer

-z i —m<2x<0
ut @_{0 0 <2<,

and, by swapping x and —ux, its Fourier series is

f_z_i#cos2k+1 i 1n+1Slnnl‘
T4 A2k + 1) T '

The Fourier series for |z| is the sum of the two series, i.e.

o0

s 4
==Y cos(2k+1
|| AP RGN cos(2k + 1)z

and the Fourier series for z is the difference of the two series

1n+1
:L'—QZ sinne .

Evaluating the x series at = 7/2 gives

5 —22%8111((216%—1)%/2 22 (2/{111

which easily gives the stated series.

°°4
—/xdm— —
nln

Putting it into Parseval gives



which simplifies to
o} 1 7.‘_2 ) [e’¢) 1
I i o
Marks 3 for f(—x) and 3 for its series. 2 for deriving the series for |z| correctly (because
they have the hint), 3 for the series for x.
Evaluating the x series 6 (2 for choosing a good point to evaluate at, 4 for calculation).
Correct use of Parseval’s relation 3, correct simplification 4. (Take 1 off if not rear-
ranged to give 72.)

Note The relation between the result here and in example 7.6 in the lectures arises

because
Z ) 42 n2’ S0 Z =

"2 27
n even TV noddn 1n

&

=

o
W~
=
o=



